In this paper, the elemental construct of an I-shaped fin cooling a heat generating volume is studied through the entropy production perspective. Using the constructal design method framework with entropy production minimization as an objective leads to different optimal shape ratio, different from the ones obtained using the excess of temperature. Moreover, the optimal shape ratio evolution is not necessary the same for local entropy production minimization (excess of entropy production) and global entropy production (entropy produced in the whole area). Finally, an analysis on a possible dimensionless number is introduced for the study of constructal plates.
Introduction
Thermodynamics has been originally and is still nowadays used to study fluxes of mass, energy and entropy flowing through a system and its boundaries. Convenient quantities or methods have been used to better understand phenomena and to deal with optimization. Exergy, entropy production minimization or finite thermodynamics are popular quantities and methods beeing very used in science [1, 2, 3] .
Constructal theory has been initially used in transportation sciences (focused on street network theory [4] ) and thermal sciences (more precisely in the cooling of a heat generating area [5] ). Since then, many other fields have been interested in constructal theory leading to applications from engineering to nature [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] .
In contrast with the classical thermodynamic principles, the constructal theory gives high importance to geometry. Indeed, the constructal theory is a physics principle which takes into account the significance of geometric orientation of fluxes and their configuration in the phenomenon under study. This physical principle is based on the fact that the configuration evolves to offer greater access to what flows in the system [22, 23, 24] .
Arising from the constructal theory, the constructal design method permits to get the best geometrical configuration of flows in the system from specific objectives and constraints i.e. to obtain the optimal architecture of flows. The constructal design studies shapes from an elemental object until larger objects (opposite of the fractal reasoning), it is thus a method involving multiple scales. Certain shapes have been bounded to particular geometries like parabolic fractality related to scale dependence [25, 26, 27] .
Based on constructal design, several works permitted to obtain optimal configurations: for latent thermal energy storage [28, 29, 30, 31] , for pedestrian evacuation [32, 33] , for heat exchangers [34, 35, 36] , to enhance thermal performance of systems under convection [37, 38, 39, 40, 41, 42, 43, 44, 45] and conduction [46, 47, 48, 49, 50, 51, 52, 53] .
On the heat generating area problem in particular, analytical developments for simple I-shaped conductive strip morphologies have been obtained [54, 55, 56, 57, 58] . Besides I-shaped studies, various configurations have been analysed on the variation of morphologies of the conductive strip (+, H, X, Y, V, Fork shapes) [59, 60, 61, 62, 63, 64, 65] with thermal contact resistance (I,T shapes) [66, 67] , considering size effect on conductivity of the conductive strip and considering nonuniform heat generation in the area [68, 69, 70, 71, 72] . Some methods to obtain the shape of the conductive strip have also been investigated [73, 74, 75, 76] .
Other developments related to the second principle such as irreversible process, equipartition of dissipation and entropy production were conducted [77, 78, 79] . To expand on the same developments, in this paper, we study an elemental construct of an I-shaped fin cooling a heat generating plate through entropy production.
In the first part, we recall the general result obtained using the minimization of the maximum excess of temperature. Then, we focus on the second law analysis to obtain the entropy production generated by the generalised constructal model in stationnary state. It permits to obtain the optimal shape ratio using the minimization of the maximum excess of entropy production as well as the optimal shape ratio using the minimization of the entire entropy production. Finally, we study the applicability of known dimensionless numbers in the constructal heat generating plate.
2. Optimal architecture of the elemental construct from minimization of the dimensionless maximum excess of temperature
The classical heat generating area problem implies a simple geometry detailed on fig.1 . Taking into account heat production variability in the conductive strip, and assuming the validity of the slenderness hypothesis [80] , the thermal model gives the following equations for the two different materials [58] :
In the heat generating area (1)
In the conductive strip (2)
Where β is the ratio of the amplitudes of heat generation in the two materials and n, the ratio of the conductive strip height to the conductive strip height generating heat.
The temperature field is then expressed:
(4) And the shape ratio optimum is given by:
withk is the ratio of conductivities, φ 0 the ratio of the height of the conductive strip to the height of the heat generating plate and κ 0 a writing simplification:k
3. Local entropy productions of the constructal plate 3.1. Local entropy production A local analysis is possible using the classical form of the two principles in stationnary state where the sum of fluxes of a quantity through a closed surface is converted into a divergence in the volume, heat source and its associated entropy beeing represented byṙ andṘ :
The termΠ corresponds to the irreversibility of the transformation, ie, the entropy generated during the process. Developing the second principle leads to:
The Fourier model is used for the heat flux conduction ϕ = −k∇T and gives (∆ and ∇ being the Laplacian and Nabla operators) :
In our case, the entropy production can be separated in two distinct parts from each material recalling that flux orientation hypotheses are still used:
(11) We can observe that the local entropy production is null at the extremities. Then, constructing a local entropy creation difference between the heat generating area and the conductive strip leads to the maximal excess of entropy production:
Thermodynamic scale
One can open a parenthesis on an interesting feature of the equation obtained for the maximal excess of entropy production. Indeed, the previous result can be rewritten differently introducing a thermodynamic scale:
with:
Where we recognize a COP cold in front of the two physical length scales of the plate. An increase of the COP cold implies an higher thermodynamic length resulting in a diminution in the entropy production difference. Thus, this thermodynamic length represents a distance to pure irreversibility i.e. the higher the thermodynamic scale the less the thermodynamic transformation is irreversible. This thermodynamic length can be represented as a spreading curve for small lengths corresponding to a dissipative trend for energy and a straight line for high lengths corresponding to a conservative trend ( [81] ).
We have seen here another possible bond between geometry and thermodynamics. We can now move on the local optimisation in terms of entropy production.
Aspect ratio optimum

Local optimum
We can observe that the local entropy production for each material are minimal and maximal at the extremities. For the conductive strip, we have max(Π CS ) =Π CS (0, 0) and min(Π CS ) =Π CS (l 0 , 0) = 0. Analogously, in the heat generating area, we have max(Π HGA ) =Π HGA (l 0 , 0) and min(Π HGA ) = Π HGA (l 0 , h 0 − d 0 ) = 0. It is thus possible to obtain a shape ratio minimizing this precise difference on local entropy. To simplify, we use:
The local entropy difference i.e. the maximal excess of entropy production is then:
In the wake of the thermal analysis, we can construct a dimensionless maximal entropy production excess: The shape ratio optimum is calculated considering the surface A = (h 0 l 0 ) to be constant, thus α becomes:
α being a function of l 0 /h 0 , the derivative of the dimensionless maximal excess of entropy production is taken here related to l 0 /h 0 leading to:
The final equation reduces to:
The equation is solved numerically (with Newton's method) since there is no algebraic expression for quintic polynomials. Then the shape ratio solutions are obtained using eq.21 keeping only the real positive roots for α.
Once the solution is obtained, one can use the ratio of the optimal length for entropy production to the optimal length for the temperature (eq.5) to illustrate the deviation of these two optimums:
The following range of parameters is used to obtain the evolution of the optimal aspect ratio:
The deviation between these optimums is observable in fig.2 , increasing with the parameter β and decreasing with the parameter n. For the parameters A andṙ HG , the deviation between the two optimums in the chosen range is negligible (recalling that the optimum in temperature is independent of these two parameters). For the given parameters, the solution of the quintic equation gives an optimum approximately vaying between 0.1 and 10. Thus, we set:
Using the preceding range, one can see the bifurcation of the optimal aspect ratio minimizing the non dimensional entropy production excess in fig.3 . The principal parameters affecting the optimal aspect ratio are φ 0 and k, as well as β and n in a lesser extent. The parametersṘ HG and A affect marginally the aspect ratio.
We have seen here the evolution of the aspect ratio of the maximal excess of dimensionless entropy (which is a local quantity). However, since entropy production is an additive quantity, one can rather use a global entropy production. 
Global optimum
The global entropy production requires the integration over the studied surface:
The integration is obtained numerically using a quadratic adaptative method and permits to calculate the global entropy produced in the plate for various parameters given previously. To compare the evolution of the optimal shape ratio, we use the dimensionless global entropy:
The results obtained in fig.4 show that the global entropy production optimum is not necessary the same as the one optimizing the entropy production fluxes difference at the extremities. Furthermore, it is possible to search for cases where a global equipartition (π HGA =π CS ) is possible, the Figure 5: Temperature and local entropy production distribution in the heat generating plate for equipartition of global entropy production in HGA and CS. Obtained with:
case we found in the framework of our study, which evenly distribute global entropy production in each part is shown in fig.5 . Even if this case shows equipartition of global entropy production, it does not necessarily correspond to a minimum of the global entropy production of the entire plate.
Dimensionless numbers for heat generating plates
Contibution analysis
As usually used, dimensionless numbers are very powerful through their bond with the physics of the phenomena. Many dimensionless numbers are used and serve to emerge the properties of the phenomena under study. In our case, we choose the Ostrogradsky number which is a particularly fundamental number (see Appendix A) relating, in heat transfer, heat source amplitude in the volume and heat conducted through a characteristic length in the volume. In fact, in this particular case, this dimensionless number is comparable to the dimensionless temperature used in the framework of constructal theory in the heat generating plate problem, more precisely, the dimensionless temperature is inversely related to the Ostrogradski number:
Besides the preceding number, one can use numbers representing each subpart of the plate as if they were independent of each other:
Analogously, for the entire plate, we rather use an equivalent Ostrogradski representing the mean behaviour of the plate:
These numbers will be better used in the possible correlation between heat source amplitude and entropy production.
Ostrogradski correlation
A property between dimensionless numbers involved in a phenomenon is that they can be bonded by correlations. In the framework of the second law, one can consider that a relation exists between the heat source generated in the plate surface and the heat dissipated by irreversibility:
Where we can see the Carnot number in the Ostrogradski number based on the disspated energy. Thus, to simplify, one can study the correlation between an exergetic Ostrogradski number (O X ) and an irreversible number bonded to the entropy production (I):
The correlation postulated here is considered on the surface mean numbers thus the quantitiesΠ and T are the mean values on the surface plate.
Moreover, the correlation is tested on each subpart of the plate on the conductive strip and on the heat generating (considering the independent Ostrogradski numbers) as well as the entire plate (considering an equivalent Ostrogradski number):
• Conductive strip:
• Heat generating area:
The results for each case give a fundamental relation between the two Ostrogradski numbers, the exergetic Ostrograski number varies as the square root of the irreversible Ostrogradski number (see tab.1 and fig.6 ): 
Conclusion
A study of the elemental construct of I-shapes conducting pathways has been conducted through entropy production. The entropy produced by irreversibility can be expressed using a thermodynamic scale related to a equivalent coefficient of performance. Using the constructal design method with the objective of minimizing the dimensionless maximum excess of entropy production leads to shape ratios different from the ones obtained minimizing the dimensionless maximum excess of temperature. Since entropy production is better defined as a global quantity, minimizing the dimensionless entropy production integrated on the surface leads to shape ratio optimums which are different from the previous optimums. Moreover, in this case, searching the equipartition in global entropy production (equality between the two entropy generated in each plate) does not necessary lead to a shape ratio optimum. Finally, the dimensionless maximum excess of temperature appears to be bonded to a particular dimensionless number known as the Ostrogradski number. A study between dimensionless numbers permits to correlate an exergetic Ostrogradski number (related to the heat source and the Carnot number) with an irreversible Ostrogradski number (related to the entropy production), more precisely, the exergetic Ostrogradski number evolves as the square root of the irreversible Ostrogradski number. Further work will be conducted on the constructal design method combining the objectives (the dimensionless maximum excess of temperature minimization and the dimensionless global entropy production minimization) and a study of the Ostrogradki number will be potentially applied to other domains of physics.
Appendix A. On the Ostrogradski number
We recall the two principles used in the context of heat transfer in order to show the emergence of dimensionless numbers:
With: ρ : Density -C : Heat capacity -k : Heat conductivity -ṙ : Heat source h : Convective heat transfer coefficient -L : Characteristic lengtḣ Π : Entropy generated by irreversibility A simple method to retrieve dimensionless numbers is to divide by the temporal term, leading to the natural apparition of the Fourier number (δ represents a variation):
Using L ∼ δx and using the Fourier number leads to:
The second principle leads also to the Fourier number (using T δS ∝ CδT ) and likewise reusing the Fourier number in the other parts leads to known dimensionless numbers:
Where we consider Ca as the Carnot number.
It appears here that the Fourier number is a fundamental dimensionless number. This particular number can be used to simplify the other dimensionless numbers. In fact, we note more precisely that every dimensionless number can be expressed using the Fourier number and another important dimensionless number, the Ostrogradski number.
Analogously, this feature can be highlighted in fluid mechanics equations. The equation of the generalised Ostrogradski number and generalised Fourier number is:
Where So is a source (heat, motion quantity...) and a and b are the parameters bonded to the phenomenon studied (conductivity, dynamic viscosity and velocity and temperature). C is also a parameter bonded to the phenomenon (diffusivity, kinematic viscosity). The interesting feature is that we can reduce all the components to sources, for example usingṙ = hδT /L :
From this observation, one can generate any dimensionless number using a ratio of generalised dimensionless groups. For example, the Prandtl number is the ratio of the fluid Fourier to the thermal Fourier number. The Bejan number can be obtained using an Ostrogradski considering the pressure gradient (δP/δx) as the source and dividing it by the thermal Fourier number (with δv = δx/δt):
(A.9) To summarize, using the generalised Fourier and Ostrogradski numbers permits to construct all the possibilities in terms of dimensionless numbers.
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